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Abstract 
If @ is any class of modules over a general ring R such that @ is closed under direct sums, 
quotients and submodules, then every module in @ is CS if and only if every module M in @ has 
a decomposition M = Ois, Mi, where each module Mi (i ~1) is either simple, or has length 
2 and is X-injective for each module X in @. In consequence, necessary and sufficient conditions 
are given for a ring to have all its right singular modules CS. Rings whose finitely generated 
modules are CS are also studied. 
AMS ClassiJication: Primary 16D70; Secondary 16D50, 16D40, 16E50, 16P60 
0. Introduction 
A module M is called a CS-module if every submodule of M is essential in a direct 
summand of M. CS-modules occur naturally in several contexts, and various authors 
have studied rings over which certain classes of modules are CS. For example, 
Goodearl [ 14,151 studied right nonsingular rings all of whose nonsingular right 
modules are projective, and as is easily seen, these are precisely the right nonsingular 
rings over which every projective right module is CS. Oshiro [24,25] studied rings 
with the latter property without assuming the nonsingularity condition, and he called 
such rings right co-H-rings. CS-modules and C&rings have been investigated exten- 
sively also by Camillo-Yousif [4], Chatters-Hajarnavis [5]. Chatters-Khuri [7], 
Harada [17], Kamal-Miiller [19,20] and Okado [23]. 
In [28], Osofsky and Smith proved that a cyclic module M has finite uniform 
dimension if all quotients of cyclic submodules of M are CS (see also [lo]). The 
purpose of this paper is to continue the investigation of CS-modules and to answer 
some open questions which were raised in [ZS]. 
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Goodearl [14] characterized right SI-rings, i.e. rings whose singular right modules 
are injective. The question was raised in [28, p.3511 of characterizing the rings whose 
singular right modules are CS. In fact, this question leads us to a rather more general 
study. We will show that if @ is any class of modules (over any ring) which is closed 
under direct sums, quotients and submodules, then every module M in @ is CS if and 
only if every module M in @ has a decomposition M = 0,. EI Mi, where each Mi is 
either simple, or has length 2 and is X-injective for every X E C (Theorem 7). Using this 
result we obtain necessary and sufficient conditions for a general ring to have all 
singular right modules CS (Corollary 8) and all right modules CS (Theorem 11). 
Next we study the question when all finitely generated right modules over a ring 
R are CS (cf. [28], remarks after Corollary 1). If every finitely generated right 
R-module is quasi-continuous, the ring R must be semisimple (see [26] and [28, p. 
3481). We will show that for some large classes of rings R, if all finitely generated (or 
even 2-generated) right R-modules are CS then all right R-modules are CS (Theorem 
11 and Corollary 14). This is not true in general if R is right nonsingular (Theorems 11 
and 13). 
1. Definitions and notation 
Throughout this paper, we consider only associative rings with identity, and unless 
otherwise stated, all modules will be unitary right modules. 
Let R be any ring. A submodule N of an R-module M is called a complement 
submodule of M if N has no proper essential extensions in M. Recall that a module 
M is called a CS-module (or simply CS) provided every complement submodule of 
M is a direct summand of M, or equivalently, every submodule of M is a essential in 
a direct summand of M. A module M is called quasi-continuous if M is CS and for any 
direct summands A and B of M with AnB = 0, A@B is also a direct summand of M. 
A nonempty family {Ai: i E Z} of submodules of a module M is called a local direct 
summand of M if CiAi is a direct and CFAi is a direct summand of M for any finite 
subset F E I. By a locally semi-T-nilpotent family of modules is meant a family 
{Ml: i E Z} such that, for any countable set of nonisomorphisms 
with i(n) # i(m) in I, for n # m, and for any xE Mi(l), there exists k (depending on x) 
such thatfk.. .fJr(x) = 0 (see [17, p. 1741). 
For any module M, we denote by a[M] the full subcategory of Mod-R whose 
objects are all submodules of M-generated modules. In other words, NE a[M] if and 
only if N is a submodule of a quotient of a direct sum of copies of M. It is well known 
that o[Ml is a locally finitely generated Grothendieck category (see, for example, 
C331). 
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Let C be a Grothendieck category. A short exact sequence 0 + X + Y + Z + 0 
in C is called a pure sequence when the induced morphism 
p: Horn, (F, Y) + Horn, (F, Z) is an epimorphism for every finitely presented object 
F of C. In this case X is called a pure subobject of Y. An object E of @ is called 
pure-injective when it has the injectivity property with respect o all pure sequences in 
@. A locally finitely presented Grothendieck category C is called pure semisimple if 
each of its objects is pure-injective. 
A module M is called uniserial provided for any submodules A and B of M, either 
A c B or B c A. A ring R is called right serial if R is a direct sum of uniserial right 
ideals. Lef serial rings are defined similarly. A module M is called a V-module if every 
simple right R-module is M-injective. 
For any module M, J(M), Sot(M), Z(M) and E(M) will denote the Jacobson 
radical, the socle, the singular submodule and the injective hull of M, respectively. For 
a module M of finite length, the composition length of M is denoted by length M. 
2. Preliminary lemmas 
Throughout this section R is a general ring and M an R-module. To prove our main 
results, we shall require a number of preparatory lemmas. The first lemma follows 
easily from [28, Theorem 11. 
Lemma 1. Let M be a jinitely generated module such that every quotient of every cyclic 
submodule of M is CS. Then every quotient of M has$nite uniform dimension. 
Proof. By [28, Theorem 11, every quotient of every cyclic submodule of M has finite 
uniform dimension. An easy induction on the number of generators of M gives 
that M has finite uniform dimension. Now apply the same argument o the quotients 
ofM. i-J 
Our next lemma extends somewhat a result of Okado [23] that any CS-module 
over a right Noetherian ring is a direct sum of uniform modules. A module M is called 
locally Noetherian if every finitely generated submodule of M is Noetherian. 
Lemma 2. Let M be a locally Noetherian CS-module. Then every local direct summand 
of M is a direct summand, and M is a direct sum of uniform modules. 
Proof. Let me M. Let r(m) = {rE R: mr = O}. Then R/r(m) g mR, so R/r(m) is 
Noetherian. Now apply [22, Theorem 2.17 and Proposition 2.183. 0 
If the direct sum of two modules is quasi-continuous, then these modules are 
relatively injective (see, for example, [22, Proposition 2.101). This fails for a CS direct 
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sum, but we have the following which is still very useful when dealing with CS- 
modules. It could be deduced from [2, Lemma 81, but we give a short direct proof here 
for completeness. 
Lemma 3. Let A and B be uniform modules with local endomorphism rings such that 
M = A@ B is CS. Let C be a submodule of A and let 0: C + B be a homomorphism. Then 
the following hold. 
(a) If 8 is not extended to a homomorphismfrom A to B, then 8 is a monomorphism and 
B is embedded in A. 
(b) If any monomorphism cp:B + A is an isomorphism, then B is A-injective. 
(c) (cf. [20, Lemma 131) Zf B is not embedded in A, then B is A-injective. 
Proof. (a) Suppose 8 cannot be extended to A. Let U = {(x, - 0(x)): x E C} c AOB. 
Then U is a submodule of M and clearly UnB = 0. Since M is CS, there is a direct 
summand U* of M such that U is essential in U*. By the Krull-Schmidt-Azumaya 
theorem (see, for example, [l, Corollary 12.7]), we have M = U*OA or M = U*OB. 
Suppose that M = U*OB. Let rc: U*@B + B be the projection. Then it is easy to 
see that rc14 extends 8: C + B, a contradiction. Thus M = U*@A which implies that 
e(x) # 0 for x # 0, i.e. 8 is a monomorphism. Since U*nB = 0, clearly B is embedded 
in A. 
(b) As in the proof of (a), given any homomorphism 0 : C + B with C c A, suppose 
that M = U*@A. Let II/: U*@A + A be the projection. Then clearly tile is a mono- 
morphism (because U is essential in U*), hence an isomorphism by hypothesis. It 
follows easily that M = U*@B, so, as in (a), 0 can be extended to a homomorphism 
from A to B. It follows that B is A-injective. 
(c) Immediate by (a). 0 
Lemma 4. (Osofsky [27, Lemma B]). Let M be a uniserial module with unique 
composition series M 1 U 1 V 10. Then M@(U/V) is not a CS-module. 
Proof. Clearly M and U/V have local endomorphism rings. Suppose that M@( U/ V) 
is CS. Let z : U --t U/V be the canonical homomorphism. Since rc is not a monomor- 
phism, by Lemma 3(a), rc can be extended to a homomorphism cp :M + U/V. Since 
U/V is simple, Ker 40 = U or M, a contradiction. 0 
This lemma shows that the direct sum of a uniserial module of length 3 and a simple 
module need not be CS. However, the direct sum of a module of length 2 and a simple 
module is always CS. In fact, the following more general result holds. The proof uses 
some techniques from Kamal-Miiller [20]. 
Lemma 5. Let a module M = @ist Mi be a direct sum of submodules Mi(i E I), each of 
composition length at most 2. Suppose further, that Mj is Mk-injective for all j # k E I 
with Mj, Mk both of length 2. Then M is a CS-module. 
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Proof. First we show that every maximal uniform submodule of M is a direct 
summand of M. Let D be any maximal uniform submodule of M. Let 0 # x E D. Then 
there exists a finite subset I’ of I such that x E @iel’ Mi. Since xR is essential in D, it is 
easy to see that D can be embedded in @iel’ Mi, and hence D is finitely generated. 
There exist a positive integer n and i(j) E I (1 I j I n) such that D E 
Micl, @ +.. @ ML(,) = N, and we choose n minimal. 
For 1 I j I n, nj: N + Ml(j) denotes the projection. Since nr <jsn Ker(nJn) = 0 
and D is uniform, without loss of generality, we can suppose that Ker(rcrIn) = 0 and 
hence Dn(Mi(2) @3 ... @ M,(n)) = 0. Thus D can be embedded in Mi(l), so D is simple 
or has length 2. 
Suppose first that D has length 2. Then 7x1(D) = Mi(l, and hence N = D@ 
Mi(2) 0 ... 0 Mi(,,* NOW suppose that D is simple. By the choice of n, 71j(D) # 0 
(1 I j 5 n). Suppose there exists 1 I k I n such that Mi(k) is simple. Then Q(D) = Mi(k), 
and hence N = D@(@j+; Mi(n). Otherwise, length Mi(,) = 2 (1 <j I n), and, by 
hypothesis, N is N-injective, and hence CS. Thus, D is a direct summand of N, and hence 
also of M. 
Now we claim that any complement submodule C of M contains a nonzero uniform 
direct summand of M. Indeed, there is a nonzero uniform submodule K in C. Then 
K has a maximal essential extension K’ in C. Clearly K’ is a complement submodule 
of C, and since C is a complement submodule of M, K’ is a complement submodule of 
M (see [S, Proposition 2.21). Because K’ is uniform, K’ is a direct summand of M, by 
the above argument. 
Now let A be any complement submodule of M. By Zorn’s Lemma, there exists 
a maximal ocal direct summand {A,: o! E 52) of M such that A, G A and A, is uniform 
for all u E R. Since End Mi is local and length Mi I 2 for each i E I, the family { Mi: 
ieZ} is locally semi-T-nilpotent by [18, Lemma 121, and hence every local direct 
summand of M is a direct summand (see [17, Theorem 7.3.153). Thus easR A, is 
a direct summand of M. Now A = (enA,)@B for some submodule B of A. If B # 0, 
again by [S, Proposition 2.21, B is a complement submodule of M, hence B contains 
a nonzero uniform direct summand A’ of M. Then { {A,: CI E Q}, A’} is a local direct 
summand of M, which contradicts the maximality of {A,: c( E 52). Thus B = 0, and 
A = @o& is a direct summand of M. Therefore M is a CS-module, and the proof is 
complete. 0 
3. Classes of modules 
Again R is a general ring and M is an R-module. The next lemma gives, for a given 
module M, a sufficient condition for the category o[M] to be a pure semisimple 
category. 
Lemma 6. Let M be a module and suppose thatfor each module N in o[M], every local 
direct summand of N is a direct summand of N. Then o[M] is a pure semisimple 
category. 
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Proof. By a result of Simson [30, Theorem 1.91, a locally finitely presented Grothen- 
dieck category C is pure semisimple if and only if the direct sum of any family of 
pure-injective objects in C is pure-injective. Note first that, by hypothesis, a[M] is 
locally finitely presented. For, every module in a[M] is a direct sum of indecompos- 
able modules, so that rr[M] is locally Noetherian, and hence locally finitely presented. 
Let {& i E I} be any family of pure-injective objects in o[M], and let A = @r Ai. Let 
P be the (categorical) direct product of {Ai: i E I} in c [Ml. Since r~ [M] is a Grothen- 
dieck category, P always exists and in fact is the largest submodule of the usual direct 
product n, Ai (in Mod-R) which belongs to o[M] (see, for example, [33,15.1,13.5]). 
A standard argument shows that P is also a pure-injective object in a[M]. Clearly 
P contains A as a local direct summand. By the hypothesis, A is a direct summand of 
P, hence A is pure-injective in a[M]. Thus o[M] is a pure semisimple category. 0 
We are now in a position to prove our main result. 
Theorem 7. Let R be any ring and let @ be any class of R-modules which is closed under 
direct sums, quotients and submodules. Then the following statements are equivalent. 
(a) Every module M in @ is a CS-module. 
(b) Every module M in C has a decomposition M = 0i.r Mi, where length Mi I 2 for 
each iE I, and if length Mj = 2, for some jE1, then Mj is X-injective for every module 
X in @. 
(c) Every (cyclic) module M in @ is a direct sum M = N@S of a semisimple submodule 
S and a submodule N such that N is X-injective for all X in C. 
Proof. (a) 3(b). Suppose that every module in C is CS. We will proceed in two steps. 
Step 1: Every finitely generated module M in C is Noetherian. 
Let M EC with M finitely generated. Suppose first that Sot(M) = 0. By Lemma 1, 
M is a finite direct sum of uniform modules, so without loss of generality, we may 
assume that M is uniform. Clearly o[M] E @. Let fi be the injective hull of M in 
o[M]; then fi E C, &i is quasi-injective and M is essential in A (see, for example, [33, 
17.93). 
Let T be any simple module which is a quotient of a submodule of i@. Then T E @ 
and @@T is CS by hypothesis. Now End A and End T are local, and since 
Soc(li;l) = 0, T is not embedded in h. Thus, by Lemma 3, T is fi-injective. It follows 
that @ is a V-module, so M is also a V-module. By Lemma 1, every quotient of M has 
finite uniform dimension. Thus M is Noetherian by [ll, Corollary 31. 
Now let M be any finitely generated module in C, and suppose that M is not 
Noetherian. As before, we can suppose that M is uniform. By the above argument, 
M has a nonzero simple socle Ai. Again, if Soc(M/A,) = 0, then M/A, is Noetherian, 
a contradiction. Let AZ be the submodule of M such that AZ/A1 = Soc(M/AJ. Then 
AZ # AI and, by Lemma 1, M/A, has finite uniform dimension, so AZ is of finite 
length. By induction, we obtain a strictly ascending sequence 
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with A,+ 1 /A, = Soc(M/A,) (n 2 0). Set A = Un21 A,; then because each A, is of 
finite length, A is locally Noetherian. Then every module L E a[A] is locally Noether- 
ian (see [33,27.3]) and CS, so that, by Lemma 2, every local direct summand of L is 
also a direct summand. By Lemma 6, 0 [A] is a pure semisimple category, so every 
module in a[A] is a direct sum of Noetherian modules (see [30] or [33, 53.4, 53.53). 
Thus, because A is uniform, A must be Noetherian. But in this case the ascending 
chainOcA,cA,c ... E A cannot be infinite, a contradiction. This shows that 
M is Noetherian. 
Step 2: Every module M in @ is a direct sum of modules of length at most 2. 
Let ME @ and consider the category o[M] E @. By Step 1, every module NE o[M] 
is locally Noetherian and CS, hence by Lemma 2 every local direct summand of N is 
also a direct summand. Thus by Lemma 6, G [M] is a pure semisimple category. Every 
module in a[M] is a direct sum of indecomposable (whence uniform) Noetherian 
modules with local endomorphism rings (see [30]). 
Next we show that every uniform module L E o[M] is quasi-injective. By the above 
argument, End L is local. Let N be a countable direct sum of copies of L, i.e. 
N = @i> 1 Li, with Li s L for all i. Since N is locally Noetherian and CS, every local 
direct summand in N is a direct summand, by Lemma 2. Also, because End Li is local 
for each i, the family {Li: i 2 l> is locally semi-T-nilpotent (see [17, Theorem 7.3.151 
or [22, Theorem 2.251). Let 8 : L + L be any monomorphism. Suppose that 8 is not an 
isomorphism. By the local semi-T-nilpotency of {Li: i 2 l}, it follows easily that, for 
any x EL, there is a positive integer n such that 0”(x) = 0, which implies that x = 0, 
a contradiction. Thus any monomorphism 8 : L + L is an isomorphism. Since LO L is 
CS, by Lemma 3(b) it follows that L is quasi-injective. 
Now we show that the uniform module L in 0 [M] is uniserial. Let A and B be any 
submodules of L. Since A and B have local endomorphism rings and the external 
direct sum A@B is CS, either B is A-injective or B is embedded in A, by Lemma 3(c). If 
B is A-injective, then since C = AnB is an essential submodule of A, the identity map 
in C can be extended to a monomorphism from A to B. Thus either A is embedded in 
B or B is embedded in A. 
We may assume that there is a monomorphism cp :A + B. Since L is quasi-injective, 
cp can be extended to a homomorphism $ : L + L, and clearly $ is an isomorphism 
(see above). But A is a quasi-injective ssential submodule of L, so it is well-known 
that g(A) G A for any homomorphism g:L + L. In particular, this implies that 
A = +(A) = q(A) c_ B. Hence L is uniserial. 
We claim now that length L 5 2. Since L is uniform, we know that L is Noetherian. 
Suppose that L is not simple, then L contains a nonzero maximal submodule L1. If L1 
is not simple, then L1 contains a nonzero maximal submodule L2. Let L3 
be a (possibly zero) maximal submodule of L2. Then L/L3 is a uniserial module of 
length 3, and, by Lemma 4, the direct sum (L/L,) 0 (L1/L2) is not a CS-module, 
a contradiction. This shows that L1 is simple, and so length L < 2. 
Thus we have shown that every module M in C is a direct sum of modules of length 
at most 2. To complete the proof of (a) a(b), it remains to show that if T E @ and 
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length T = 2, then T is X-injective for any X E @. Indeed, X has a decomposition 
X = @as* X,, with length X, I 2, for each tl~0. If X, is simple, clearly T is 
X,-injective. If X, has length 2, we consider the CS-module TOX,. Let F and G be 
any direct summands of TOX, with FnG = 0, then by the Krull-Schmidt theorem, 
F and G have length 2, hence FOG = TOX,. It follows that TOX, is a quasi- 
continuous module, hence T is X,-injective. Therefore T is X-injective, as required. 
(b) a(c). By (b), for every ME C, M = (0.1 Ni)@S, where each Ni (i E I) has length 
2 and Ni is X-injective for all X E @, and S is semisimple. Let N = OieI Ni Then for 
every module X E C, since X is locally Noetherian, N is X-injective. f 
(c) *(a). Let ME C, M cyclic. Every quotient of a cyclic submodule of M is a direct 
sum of a quasi-injective module and a semisimple module of finite length. Thus, by 
[lo, Theorem 1.31, M has finite uniform dimension. In particular, M = MI @ ... 0 
M,, where each Mi is cyclic indecomposable, hence each Mi is simple or uniform 
quasi-injective. If, for 1 5 i I n, Mi is not simple, then any cyclic proper submodule Ci 
in Mi is simple because Ci cannot be Mi-injective. Thus each Mi (1 I i I n) is either 
simple or of length 2, and M is Noetherian. It follows that every module in @ is locally 
Noetherian. 
Now let K be any module in @. By Zorn’s lemma, there exists a maximal family of 
independent modules L, (II E 52) in K such that L, is X-injective for all X E @. Then 
L = GaeRLa is X-injective for all X E @ (see [22, Theorem 1.111). Thus K = LOT for 
some submodule T of K. Take any cyclic submodule D of T; then D = NBS, where 
N is X-injective for all X E @ and S is semisimple. By the maximality of the family {L,: 
a E Q}, we observe that N = 0, whence T is semisimple. Since L is locally Noetherian 
and quasi-injective, by Lemma 2, L = @ist Hi with each Hi (iE I) uniform. By 
a similar argument as above, if Hi is not simple, then every cyclic proper submodule of 
Hi is simple, so Hi has length 2. In this case clearly Hi is cyclic and Hi is X-injective for 
all XE@. Thus K is a CS-module by Lemma 5. 0 
Goodearl [14] characterized right SZ-rings. In [28, p. 3513 the question was raised 
of characterizing rings all of whose singular right modules are CS. Rizvi and Yousif 
[29] recently studied a special case, namely rings with all singular right modules 
quasi-continuous, and they showed that these were precisely the rings with all singular 
right modules semisimple. Moreover, if R is a right nonsingular ring then every 
singular right R-module is quasi-continuous if and only if R is a right SZ-ring (see [29, 
Proposition 3.43). 
Since the class of all singular right modules over a ring R is closed under direct 
sums, quotients and submodules, Theorem 7 gives immediately the following result. 
Corollary 8. Let R be any ring. Then the following statements are equivalent. 
(a) Every singular right R-module is CS. 
(b) Every singular right R-module M has a decomposition M = @ist Mi, where each 
Mi is simple, or Mi has length 2 and is X-injective for each singular right R-module X. 
(c) Every (cyclic) singular right R-module M has a decomposition M = NOS, where 
N is X-injective for all singular right modules X, and S is semisimple. 
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If R is a right nonsingular ring, then the class of all singular right R-modules is 
closed under essential extensions (see, for example, [15, Proposition 1.231). In this 
case, if N is a singular right R-module such that N is X-injective for every singular 
R-module X, then N is E(N)-injective, and it follows that N = E(N), i.e. N is an 
injective module. This gives at once the following result. 
Corollary 9. Let R be a right nonsingular ring. Then the following statements are 
equivalent. 
(a) Every singular right R-module is CS. 
(b) Every (cyclic) singular right R-module is a direct sum of an injective module and 
a semisimple module. 
Example 10. Let K be any field and let n be a positive integer. Let T,(K) denote the 
ring of all upper triangular n x n matrices with entries in K. Then T,,(K) is a (right and 
left) hereditary Artinian serial ring for every positive integer n. If n = 2 then T,(K) is 
an U-ring. If n = 3 then T,(K) is not a right U-ring but every singular right module is 
CS. 
Proof. It is well known that T,,(K) is hereditary Artinian serial, and hence, in 
particular, nonsingular. If n = 2 then T,(K) is an SZ-ring by [14, Theorem 3.1 I]. Now 
suppose that n = 3. Let R = T,(K) and let S denote the right socle of R. Then 
S consists of all matrices in R with first two columns zero, and S is obviously 
an essential right ideal of R. Note that R/S 2 T,(K). Thus R is not a right SZ-ring, by 
[14, Theorem 3.111. However, R/S is an Artinian serial ring with J(R/S)2 = 0. By 
[9, Theorem 2.61, every right (R/S)-module is a direct sum of an injective module and 
a semisimple module and thus every (R/S)-module is a CS-module by Theorem 7. It 
follows that every singular R-module is CS. 0 
4. Rings whose finitely generated modules are CS 
Now we will study rings over which every finitely generated (right) module is CS. By 
[28, Corollary 11, over such rings every finitely generated module is a direct sum of 
uniform modules. As was remarked in [28, p.3453, the ring Z of integers is an example 
to show that the converse is false. 
For the next result, we recall that a ring R is called semiregular if R/J is a von 
Neumann regular ring and idempotents can be lifted over the Jacobson radical 
J. Vanaja and Purav [32, Proposition 2.131 have proved (c)G(d) using different 
methods. 
Theorem 11. The following conditions are equivalent for a ring R with Jacobson 
radical J. 
(a) E(R,) is projective and every 2-generated right R-module is CS. 
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(b) R is semiregular and every 2-generated right R-module is CS. 
(c) Every right R-module is CS. 
(d) R is (left and right) Artinian serial and J2 = 0. 
(e) The left-handed versions of(a)-(c). 
Proof. (a) a(b). Since every cyclic right R-module is CS, by Lemma 1, we have 
a complete family of orthogonal idempotents ei, . . . , e, of R such that each eiR is 
uniform as a right R-module. Consider the injective hull E(eiR) of e,R; then E(eiR) is 
indecomposable injective and projective, hence there is an idempotentJ of R such that 
E(eiR) =AR (see, for example, [13, Theorem 20.151). Because End (AR) is local,f;:R 
contains a unique maximal submodule (namely AJ). Thus every quotient of hR is 
indecomposable and CS, so is uniform. ClearlyfiR is a uniserial module. Since eiR is 
isomorphic to a submodule off;R, eiR is also uniserial. Therefore R is a right serial 
ring, so it is well known that R is semiperfect (see, for example, [33, 55.33). In 
particular, R is semiregular. 
(b) 3 (d). By Lemma 1, R/J has finite uniform dimension, so R/J is semisimple and 
hence R is semiperfect. Thus there is a complete set of orthogonal idempotents 
el,..., e, of R such that each eiR has local endomorphism ring. Since each quotient of 
eiR is CS, we can apply the same argument as in the proof of (a) a(b) to show that 
each eiR is uniserial. Thus R is a right serial ring. 
Now we claim that each eiR has nonzero socle. Suppose that Soc(ejR) = 0 for some 
i 2 1. Take any simple right R-module U; then the 2-generated module eiR @U is CS. 
Since U cannot be embedded in eiR, U is eiR-injective by Lemma 3. Thus eiR is 
a V-module, so in particular J(eiR) = 0 (see, for example, [33, 23.11). Hence eiR is 
simple, a contradiction. Therefore Soc(eiR) # 0 for each eiR, so R has finitely gener- 
ated essential right socle. For any two-sided ideal K of R, R/K is also a right serial 
ring, and it is easy to check that every 2-generated right (R/K)-module is CS, so by the 
above argument, R/K has finitely generated essential right socle. Then by a result of 
Beachy [3] it follows that R is right Artinian. 
Suppose that J2 # 0. Then there is a positive integer j such that ejJ” # 0. Since ejR 
is uniserial, we have a composition series 
ejR I ejJ 1 ejJ2 2 ejJ3 2 .” . 
Then ejR/ejJ3 is uniserial of length 3 and SO, by Lemma 4, (ejR/ejJ3) @ (ejJ/ejJ’) is 
not CS, a contradiction. Thus J2 = 0, hence all e1 R, . . . , e,R have length I 2. If length 
ekR = length e,R = 2, then since e,R@e,R is CS, it is easy to see that ekR@e,R is 
quasi-continuous (see the last part of the proof of Theorem 7), and it follows that ekR 
and e,R are relatively injective. Thus, it is clear that if ekR has length 2, then ekR is an 
injective R-module. Now by [9, Theorem 2.61 it follows that R is (left and right) 
Artinian serial (with J2 = 0). 
(d) a(c). If R is (left and right) Artinian serial with J2 = 0, then every R-module is 
a direct sum of an injective module and a semisimple module (see [9, Theorem 2.6)). 
Thus, by Theorem 7, every R-module is CS. 
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(c) *(a). By [24, Theorem II]. 
(c)o(d). By left-right symmetry. 0 
The ring T,(K) of upper triangular 3 x 3 matrices over a field K has the property 
that every singular module is CS (see above). However, Theorem 11 shows that not 
every T,(K)-module is CS. For any module M, the second singular submodule Z,(M) is 
defined as follows: 
&W)IZW) = Z(M/Z(M)). 
Lemma 12. Let R be a ring and M a right R-module. Then M is CS if and only if 
M = Z,(M)@N, where Z,(M) and N are CS and Z,(M) is N-injective. 
Proof. See [19, Theorem 11. 0 
Theorem 13. The following statements are equivalent for a ring R. 
(a) R is right nonsingular and every 2-generated right R-module is CS. 
(b) R = RI@ 1.. @R, is a direct sum of rings Ri (1 < i < n), each Morita equivalent 
to an upper triangular 2 x 2 matrix ring over a division ring, or to a simple Noetherian 
SI-domain. 
Moreover, in this case, every finitely generated right (and left) R-module is CS. 
Proof. (a) a(b). Let L be any cyclic singular right R-module, and consider 
M = L@RR. Then M is a CS-module by hypothesis. Since R is right nonsingular, we 
have Z,(M) = Z(M) = L, so by Lemma 12, L is R-injective. Thus every cyclic singular 
right R-module is injective, so by [28, Corollary 51, R is a right SZ-ring. 
By [14, Theorem 3.111, there is a ring direct decomposition R = Ro@Bl@ ... @B,, 
such that Ro/So is semisimple, where SO is the right socle of the ring R,,, and each Bj 
(1 I j < m) is a simple right Noetherian right SZ-ring. Since every cyclic right R- 
module is CS, R has finite right uniform dimension by Lemma 1, hence R, is right 
Artinian. Since every 2-generated right R,-module is CS, by Theorem 11 ((b+(d)), 
R,, is left and right Artinian serial and J(Ro)2 = 0. Note that Ro is right nonsingular, 
and all nonsingular ight R,-modules are projective, hence Rc, = AI@ ..a @A,, where 
each Ai is Morita equivalent o a full upper triangular matrix ring Ti over a division 
ring Di (see [ 15, Theorem 5.281). Each indecomposable module over Ro (and hence Ai) 
has length I 2, thus by [15, Proposition 5.25, Theorem 5.271, it follows easily that 
each Ti is an upper triangular 2 x 2 matrix ring over Di. 
Now we consider the simple right Noetherian rings Bj (1 I j I m). Let 1 I j I m. 
Since Bj is right nonsingular and Bj@ Bj is CS, it is easy to see that every 2-generated 
nonsingular ight B,-module is projective. Hence, by the proof of Theorem 5.3 in [21], 
the right classical quotient ring Qj of Bj is also the left classical quotient ring of B, thus 
Bj is also a left Goldie ring [6, Theorem 1.281. Also, since Bj is right hereditary right 
Noetherian, Bj is left semi-hereditary [6, Corollary 8.191. Since Bj is right SZ, Bj/Kj is 
semisimple for every essential right ideal Kj of Bj [ 14, Proposition 3.11, thus Bj is left 
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Noetherian by [12, Theorem 111. Since Rj is Morita equivalent to a simple right 
U-domain Fj ([14, Theorem 3.1 l]), it follows that Fj is left Noetherian and hence Fj is 
left SI by [S, Theorem 6.261. 
(b) =(a). Suppose that R = RI@ ... 0 R, where the RTs are as in (b). Since the 
property of being a right SI-ring is a Morita invariant, each Ri (1 I i 5 n) is 
(two-sided) SZ. Hence R is (two-sided) SZ. In particular, R is left and right hereditary 
[14, Proposition 3.31. Since every (two-sided) hereditary Noetherian prime ring is CS 
(see [S, Proposition 6.8]), it follows that each Ri (1 I i < n) is left and right CS. Hence 
R is (two-sided) CS. 
Now let M be any finitely generated right R-module. Then Z(M) is injective, so 
M = Z(M)@N, and clearly N is nonsingular finitely generated. Since R is hereditary 
CS, by [7, Theorem 4.11, every nonsingular finitely generated right R-module is 
projective, hence it follows easily that every nonsingular finitely generated right 
R-module is CS. Therefore, N is a CS-module. Thus, by Lemma 12, M is CS. By 
symmetry, we can show that every finitely generated nonsingular left R-module is CS. 
This proves Theorem 13. 0 
Corollary 14. Let R be a commutative ring. Then the following statements are equiva- 
lent. 
(a) Every 2-generated R-module is CS. 
(b) Every R-module is CS. 
(c) R = RI@ ... OR, is a direct sum of rings Ri (1 I i I n), each a QF ring of length 
2 or a jield. 
Proof. (a) 3 (b). Let R have prime radical N and Jacobson radical J. Then R = R/N 
is a semiprime commutative ring and so is nonsingular. Clearly every 2-generated 
R-module is CS. By the proof of (a) * (b) in Theorem 13; R is an SI-ring. Because i? is 
commutative, it follows by [14, Theorem 3.93 that R is von Neumann regular. But 
every cyclic R-module is CS, so by Lemma 1, i? has finite uniform dimension, hence 
R is semisimple. It follows that N = J and R is semiperfect. By Theorem 11, every 
R-module is CS. 
(b) a(c) *(a). Immediate by Theorem 11. 0 
By [28, Corollary 11, if R is a ring such that every cyclic right R-module is CS, then 
every cyclic right R-module is a direct sum of uniform modules. As was remarked in 
[28, p. 3453, it would be interesting to know when the converse is true. We observe 
that if a ring R is a direct sum of uniform right ideals, then for every two-sided ideal 
I of R which is a complement right ideal of R, I = eR for some idempotent e of R (see 
[6, Corollary 6.61). We shall call a ring R a right duo ring if every right ideal of R is 
a two-sided ideal. We have at once: 
Proposition 15. Let R be a right duo ring. Then every cyclic right R-module is CS ifand 
only if every cyclic right R-module is a direct sum of uniform modules. 
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Note that if, for a ring R, all cyclic right modules are continuous, then R is a finite 
direct sum of simple Artinian rings and right duo rings (see [28, Corollary 91). Next 
we look briefly at commutative rings whose finitely generated singular modules are 
cs. 
Proposition 16. Let R be a commutative ring. Then 
(a) Every cyclic singular R-module is CS ifand only ifevery cyclic singular R-module 
is a direct sum of uniform modules. 
(b) Every finitely generated singular R-module is CS if and only if every singular 
R-module is CS. 
Proof. (a) This follows by the observations before Proposition 15. 
(b) Suppose that every finitely generated singular R-module is CS. Let K be any 
essential ideal of R, and let R’ = R/K. Let M’ be a finitely generated R’-module. Then 
M’ is a finitely generated singular R-module in a natural way. Thus M’ is a CS- 
module over R, so M’ is a CS-module over R’. Since R’ is commutative, by Corollary 
14 and Theorem 11, R’ is Artinian serial with J(R’)’ = 0. 
Now let H be any finitely generated singular R-module. There exists an essential 
ideal K of R such that HK = 0. Thus H has a decomposition H = HI@ ... 0 H,, 
where length Hj I 2 for each 1 <j I m. 
Let L be any singular R-module of length 2. We claim that L is X-injective for all 
singular modules X. We suppose first that X is finitely generated and singular. Then 
X =@l<i<k Xi, where each Xi has length I 2. If Xi is simple, clearly L is Xi- 
injective. If Xi has length 2, then because L@Xi is finitely generated singular, L@Xi is 
CS. Then it is easy to prove that LoXi is quasi-continuous, o L is Xi-injective. Thus 
L is X-injective for any finitely generated singular R-module X. Now for any singular 
R-module Y, L is yR-injective for all YE Y, and hence L is Y-injective. 
We have shown that every finitely generated singular R-module H has a decompo- 
sition H = EOS, where E is X-injective for all singular modules X and S is 
semisimple. By Theorem 7, it follows that every singular R-module is CS. 0 
Example 17. Let R = E, the ring of integers. Then every cyclic singular H-module 
is quasi-injective (hence CS). However, clearly not every finitely generated singular 
Z-module is CS (for example (Z/pZ)O(Z/p3Z), p any prime number). 
We make one final comment. Let R be any ring. An R-module M is called (Goldie) 
torsion if Z,(M) = M. In [29, Theorem 3.101, Rizvi and Yousif prove that the ring R is 
right SZ if and only if every torsion R-module is quasi-continuous. If R is right 
nonsingular then every torsion module is singular. Thus, for any field K, the ring 
T,(K) considered above has the property that every torsion module is CS but T,(K) 
is not an SI-ring. Moreover, for any prime p, let S denote the ring H/HP’. Then the 
ring T of all upper triangular 2 x 2 matrices with entries in S has the property that 
every singular module is CS, but the module Tr is torsion but not CS. 
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